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This paper provides an examination of the de Broglie relation, tracing its historical development
from the quantum hypotheses proposed by Planck and Einstein to its covariant relativistic deriva-
tion. The discussion begins by situating de Broglie’s seminal insight within the early framework of
quantum theory. We then reconstruct his original heuristic derivation. The primary focus of this
work, however, is the derivation of the de Broglie relation directly from the principles of special
relativity, employing the four-momentum formalism. A comparative analysis between the heuristic
and relativistic approaches underscores the universality and conceptual coherence of the latter.
The paper concludes by highlighting the significance of relativistic mechanics in establishing a
consistent foundation for wave-particle duality, further reinforcing this through a quantum field
theoretical perspective.
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Este artigo examina a relacdo de de Broglie, tracando seu desenvolvimento historico desde as
hipdteses quanticas propostas por Planck e Einstein até sua derivagdo relativistica covariante.
A discussdo comega situando a percepgdo seminal de de Broglie no arcabougo inicial da teoria
quantica. Em seguida, reconstruimos sua derivagdo heuristica original. O foco principal deste
trabalho, no entanto, é a derivagdo da relacdo de Broglie diretamente dos principios da relatividade
especial, empregando o formalismo do quadrivetor-momento. Uma andlise comparativa entre
as abordagens heuristica e relativistica ressalta a universalidade e a coeréncia conceitual desta
dltima. O artigo conclui destacando a significancia da mecéanica relativistica no estabelecimento de
uma base consistente para a dualidade onda-particula, refor¢gando ainda mais isso através de uma
perspectiva da teoria quantica de campos.

Palavras-chaves: Hipdtese de de Broglie; Dualidade Onda-Particula; Teoria Quéantica
de Campos.

I. Introduction ing that light itself consists of such energy quanta,

later termed photons, thereby firmly establishing

The early 20th century witnessed a profound the particle-like nature of light [2].

paradigm shift in physics, fundamentally challeng-
ing classical notions of matter and energy. At
the forefront of this revolution were Max Planck’s
groundbreaking work on black-body radiation and
Albert Einstein’s revolutionary postulate of light
quanta. Planck, in 1900, introduced the concept of
energy quantization to explain the observed spec-
trum of black-body radiation, proposing that en-
ergy is emitted or absorbed in discrete packets, or
quanta, with energy E = hv, where h is Planck’s
constant and v is the frequency of the radiation
[1]. Five years later, in 1905, Einstein extended
this idea to explain the photoelectric effect, assert-

These foundational works, while highly success-
ful in explaining a range of phenomena, presented a
curious dichotomy: light, traditionally understood
as a wave phenomenon, demonstrably exhibited
particle-like properties. It was against this intellec-
tual backdrop that Louis de Broglie, in his 1923 doc-
toral thesis, posed an audacious question: if light,
a wave, could exhibit particle-like behavior, could
matter, traditionally conceived as particles, exhibit
wave-like behavior [3; 4] ? This profound insight,
rooted in a symmetry argument, laid the ground-
work for his hypothesis of matter waves and the fun-
damental relation linking a particle’s momentum to
—_— its associated wavelength [5]. While de Broglie’s ini-
" E-mail: samuel soltau@unifal-mg.edu.br tial heuristic deduction was remarkably prescient,
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it did not explicitly integrate the full mathemati-
cal rigor demanded by Einstein’s special theory of
relativity.

This paper aims to reconstruct of de Broglie’s
original heuristic reasoning and, crucially, to pro-
vide a rigorous covariant relativistic derivation of
this seminal relation, emphasizing its deep connec-
tion to the fundamental structure of spacetime and
the principle of Lorentz invariance. This covariant
approach is not merely a matter of formal elegance;
it is essential for constructing a consistent theory of
matter that holds true across all inertial frames, es-
pecially for particles moving at relativistic speeds,
where classical notions of momentum and energy
are insufficient.

II. The Heuristic Deduction of the de
Broglie Relation

de Broglie’s initial deduction of the relation be-
tween a particle’s momentum and its wavelength
was a brilliant heuristic leap, drawing directly from
the established principles of Planck and Einstein.
Let us meticulously reconstruct this process.

We begin with the fundamental quantum rela-
tions for a photon:

E=hv, (1)

where F is the energy of the photon, h is Planck’s
constant, and v is its frequency. This equation, a
cornerstone of quantum theory, quantifies the en-
ergy of an electromagnetic wave in terms of discrete
packets.

Concurrently, Einstein’s special theory of rela-
tivity established a profound relationship between
energy and momentum for a massless particle, such
as a photon:

E =pc, (2)

where p is the momentum of the photon and c is the
speed of light in vacuum. This equation underscores
the equivalence of mass and energy, and for massless
particles, it elegantly connects energy directly to
momentum.
de Broglie’s pivotal step was to equate these two
expressions for the energy of a photon, recognizing
the inherent duality between wave and particle as-
pects:
hv = pc . (3)

This equality serves as the conceptual bridge, link-
ing the wave characteristic (frequency v) to the par-
ticle characteristic (momentum p).

Next, we introduce the fundamental wave re-
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lation between frequency, wavelength (), and the
speed of the wave:

c= v, (4)

From this, we can express the frequency in terms of
wavelength:

v={(c/X) . (5)

Substituting this expression for v back into Eq.
(3): .
h (X) =pc . (6)

We can then cancel the speed of light ¢ from both
sides of the equation:

(h/A)=p. (7)

Finally, rearranging the terms, we arrive at the
celebrated de Broglie relation:

A= (h/p). (8)

This relation postulates that any particle with mo-
mentum p has an associated wavelength A. de
Broglie extended this relation, initially derived
for photons, to all matter, proposing a universal
wave-particle duality [6]. This heuristic deduction,
though powerful and historically significant, does
not explicitly incorporate the full covariant frame-
work of special relativity, a crucial theoretical as-
pect we address in the subsequent section.

III. The Covariant Relativistic Derivation
of the de Broglie Relation

While the heuristic derivation of the de Broglie
relation provided a crucial conceptual break-
through, a more rigorous and universally applica-
ble derivation emerges from the covariant formal-
ism of special relativity. This approach inherently
accounts for the relativistic nature of energy and
momentum, providing a more robust foundation
for wave-particle duality and ensuring consistency
across all inertial frames.

We begin with the relativistic energy-
momentum relation for a particle:
E? = (pc)? + (mc?)? (9)

where E is the total relativistic energy, p is the rela-
tivistic momentum, m is the rest mass. This funda-
mental relation encapsulates the interplay between
energy, momentum, and mass within the relativistic
framework.

For a massless particle (e.g., a photon), m = 0,
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and the relation simplifies to E' = pc. This is consis-
tent with our earlier use of Eq. in the heuristic
derivation.

Now, we introduce the four-momentum vector,
P*# which elegantly combines energy and momen-
tum into a single Lorentz-invariant entity:

P=(Tor). (10)

where p is the three-momentum vector. The square
of the four-momentum, P,P", is a Lorentz scalar
and is related to the rest mass:

E2
PP = = - Ip|? = m2c? . (11)

Multiplying by ¢?, we recover the relativistic energy-
momentum relation given by Eq. @

In quantum mechanics, a wave can be described
by a four-wavevector, k*:

oo (- (EE

where w = 27v is the angular frequency, k is the
wavevector (with magnitude |k| = k = 27/)\), and
n is the direction of propagation.

The definition of the four-wavevector k* in Eq.
is chosen such that the phase ¢ = k,z* of the
associated plane wave is a Lorentz scalar, ensuring
the wave’s phase is an invariant quantity across dif-
ferent reference frames. This phase invariance is
fundamental for the consistency of wave phenom-
ena in relativistic physics. It is crucial to note that
the relation P* = hk" applies universally, encom-
passing both massive particles (with m > 0) and
massless photons (with m = 0). For photons, the
null condition P,P* = 0 implies k,k* = 0, consis-
tent with the wavevector of electromagnetic waves.
For massive particles, k* becomes a timelike four-
vector, reflecting the subluminal nature of the asso-
ciated matter waves.

The crucial link between the particle and wave
aspects, in a fully covariant manner, is established
by positing a direct proportionality between the
four-momentum and the four-wavevector, with the
reduced Planck constant i = h/27 serving as the
proportionality constant:

P* = hk. (13)

This fundamental relationship asserts that the
four-momentum of a particle is directly proportional
to the four-wavevector of its associated wave. This
is the core of de Broglie’s hypothesis expressed in a
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relativistic form, ensuring Lorentz invariance from
the outset.

Let’s expand this four-vector relationship into
its components. From the time-like component (the
zeroth component):

PY =i . (14)

and

Substituting the definitions from Egs.

[@2:

E w

— =h—. 15

- =h- (15)
Multiplying by c:

E=hw. (16)

Since w = 27y, we have:
E = h(2mv) = (h/27)(27v) = hy . (17)
This recovers the Planck-Einstein relation, demon-

strating its consistency within this covariant frame-
work.

From the space-like components (the three-
momentum vector):

p=rhk. (18)
Taking the magnitude of both sides:
Ip| = hik|. (19)

Since |p| =p and |k| =k =27/

p="h (2‘;) : (20)

Substituting i = h/2m:

p=(h/27)(27/N) . (21)
Which directly yields the de Broglie relation:
p=(h/X) = A= (h/p). (22)

Furthermore, we can relate this back to the
relativistic energy and momentum of a particle.
For a particle with rest mass m and velocity v,
the total relativistic energy is E = ymc?, where
v = (1 —v%/c?)71/2 is the Lorentz factor. The
relativistic momentum is p = ymv. Substituting
p = ymuv into the de Broglie relation:

(23)

This explicitly shows that the de Broglie wavelength
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is dependent on the relativistic momentum, provid-
ing a fully consistent and elegant derivation within
the framework of special relativity. The use of
four-vectors ensures Lorentz invariance and explic-
itly highlights the deep connection between space-
time properties (captured by k*) and fundamental
particle properties (captured by P*). This covari-
ant derivation ensures that the de Broglie relation
holds universally, irrespective of the observer’s in-
ertial frame, thereby elevating it to a truly funda-
mental physical law.

IV. Comparing the Derivations

The two derivations presented, the heuristic and
the covariant relativistic, both culminate in the
same fundamental de Broglie relation A = h/p.
However, their underlying conceptual foundations,
scope of applicability, and implications for theoret-
ical understanding differ significantly, making the
covariant approach fundamentally more robust.

The heuristic method, as employed by de Broglie
in his initial formulation, was a stroke of genius,
demonstrating remarkable intuition. It essentially
extrapolated known relations for photons (E = hv
and E = pc) to propose a symmetric relationship for
matter. Its strength lies in its simplicity and direct-
ness, making the profound concept of wave-particle
duality accessible. It served as a powerful guiding
principle that was subsequently confirmed by exper-
imental observations, such as the Davisson-Germer
experiment [7]. However, the heuristic approach
can be viewed as an educated guess or an analogy.
It does not inherently provide a deeper theoretical
justification for why matter should exhibit wave-
like properties; rather, it proposes that if light has
both, matter should too. Crucially, its treatment of
momentum is classical or pseudo-relativistic, effec-
tively using p as a general momentum without ex-
plicitly integrating it into the full relativistic frame-
work for massive particles, which becomes problem-
atic at high speeds.

In contrast, the covariant relativistic derivation
offers a far more robust, general, and conceptu-
ally coherent framework. Its core strength lies in
its foundation upon the principles of special rela-
tivity and the elegant four-vector formalism. By
starting with the four-momentum P* and the four-
wavevector k*, and positing their proportionality
through Eq. , the derivation inherently respects
Lorentz invariance. This means the relation holds
true in all inertial reference frames, a critical re-
quirement for any fundamental physical law and a
property not inherently guaranteed by the heuristic

sc£20252103-4

approach.

The key differences lie in their conceptual foun-
dation, scope of applicability, and how they handle
the definition of momentum, ultimately impacting
their theoretical rigor. The heuristic method relies
on an analogy and a synthesis of existing quantum
and classical wave concepts, whereas the relativistic
method is firmly rooted in the fundamental postu-
lates of special relativity and the covariant nature of
spacetime. While the heuristic derivation is remark-
ably accurate for many cases, it implicitly assumes
a simple relation without fully accounting for rela-
tivistic effects on momentum for massive particles.
In contrast, the covariant relativistic derivation, by
utilizing the four-momentum (P* = (E/c, p) where
p = ymv), is inherently universal, applying equally
well to particles at rest, moving at non-relativistic
speeds, and those approaching the speed of light.
This ensures consistency with the total relativistic
energy E = ymc?, which is vital for high-energy
physics where classical momentum is insufficient.
Finally, the relativistic derivation offers a deeper
theoretical justification for wave-particle duality;
the proportionality Eq. isn’t just an assump-
tion but emerges as a fundamental tenet of quan-
tum field theory, providing a more satisfying and
complete picture of how quantum mechanics and
special relativity are intertwined. Thus, while de
Broglie’s brilliant “guess” was foundational, the rel-
ativistic approach elevates the de Broglie relation
from a phenomenological observation to a direct
consequence of the fundamental laws governing en-
ergy, momentum, and spacetime.

The comparative analysis of the heuristic and
covariant derivations highlights the strength of the
relativistic approach in providing a unified and in-
variant formulation of wave-particle duality. To fur-
ther reinforce this foundation and establish deeper
connections with modern theoretical frameworks,
the next section examines the quantum field theo-
retical perspective. This approach not only justifies
the de Broglie relation from first principles but also
embeds it naturally within the structure of quan-
tum fields and spacetime symmetries, providing the
ultimate validation of the covariant formulation.

V. Quantum Field Theoretical Perspective

While the relation P* = hk* (Eq. (13)) was
introduced in this paper as a postulate unifying
wave and particle aspects in the relativistic regime,
its deeper justification and fundamental nature
lie within the framework of quantum field theory
(QFT). In QFT, particles are not interpreted as lo-
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calized corpuscles but rather as quantized excita-
tions (quanta) of underlying fields that permeate
all of spacetime [g].

The connection to the de Broglie relation
emerges directly from the canonical quantization
procedure. Fields are decomposed into Fourier
modes according to

d3k
¢($) N/(Qﬂ.)3 2wk' (24)
R

where the creation operator a'(k) generates a quan-
tum state with definite four-momentum P* = hk*
(Eq. ), while the corresponding annihilation op-
erator a(k) destroys a quantum with the same mo-
mentum. This fundamental structure reveals how
the wave-particle duality inherent in the de Broglie
relation is naturally encoded within the quantum
field theoretical framework through the operator
formalism.

This equivalence is far more than merely
formal. = The canonical commutation relations
[a(k),at(K)] = (27)26®) (k — K’) ensure that the
state [k) = af(k)|0) is an eigenstate of the momen-
tum operator pr.

PH k) = hkH|k), (25)

where kF = (ﬂk) with
C

wi, = \/|k2(:2 + <mhc2)2 (26)

Thus, the correspondence between P and hk*
becomes an operator identity in Fock space, di-
rectly connecting the representation theory of the
Poincaré group — which governs relativistic symme-
tries of spacetime — with the spectral content and
dynamics of quantum fields [9]. In this profound
view, the de Broglie relation emerges naturally and
necessarily from the unitary irreducible representa-
tions of spacetime symmetries applied to the very
fabric of field operators.

Hence, in QFT, the relation A = h/p (Eq. )
is neither an assumption nor a heuristic extrapo-
lation, but a necessary and intrinsic consequence
of quantization over Minkowski spacetime and of
the fundamental structure of quantum fields them-
selves [8; [@9]. This perspective provides the most
complete and rigorous justification for the universal
applicability and fundamental importance of the de
Broglie relation.

doi:10.13102/sscf.v21i0.11937

VI. On the Foundational Role of the
Covariant Relation in Relativistic
Quantum Theory

The covariant relation P* = hk* (Eq. (13))
establishes a fundamental and indispensable cor-
respondence between the four-momentum P* of a
particle and the four-wavevector k* of its associated
quantum wave. This proportionality is absolutely
critical for ensuring the Lorentz covariance of all
quantum mechanical constructs within a relativis-
tic framework [8; [I0]. Its application enables the
consistent construction of fundamental relativistic
wave equations, such as the Klein-Gordon equation
and the Dirac equation, through the pivotal sub-
stitution P* — ¢ho*. The inherent equivalence
of P* and hk* ensures that plane-wave solutions
to these equations are rigorously eigenstates of the
energy-momentum operators, yielding eigenvalues
precisely consistent with the principles of special
relativity [10].

Beyond its role in deriving these fundamental
wave equations, this relation is instrumental in the
formal development of the entirety of quantum field
theory. It underpins the very construction of quan-
tum propagators, the elegant formulation of path
integrals, and the systematic computation of scat-
tering amplitudes — all cornerstones of modern par-
ticle physics. This foundational equivalence is cen-
tral to both perturbative and non-perturbative ap-
proaches in calculating observable quantities within
the realm of particle physics [g].

Ultimately, the covariant relation serves as a cor-
nerstone of the relativistic quantum framework, fun-
damentally uniting wave-particle duality with the
inherent symmetry structure of spacetime. It is
a testament to the profound interconnectedness of
quantum mechanics and relativity, providing a con-
sistent and robust foundation for our understanding
of the universe at its most fundamental level [8} [10].

VII. Final Considerations

The derivation of the de Broglie relation,
whether through its original heuristic reasoning or
its more rigorous covariant relativistic formulation,
stands as a cornerstone of quantum mechanics, fun-
damentally altering our understanding of matter.
However, the relativistic perspective provides unde-
niable advantages that solidify its position as the
preferred theoretical framework for a complete un-
derstanding.

The primary advantage of the relativistic ap-
proach lies in its universality and consistency. By

scf20252103-5


https://doi.org/10.13102/sscf.v21i0.11937

Samuel B. Soltau

Sitientibus Ser. Cienc. Fis. 21, sc£20252103-6 (2025)

employing the four-momentum formalism, the de
Broglie relation is naturally integrated into the fab-
ric of spacetime, ensuring its validity across all in-
ertial reference frames and for particles of arbitrary
velocities. This removes any ambiguities that might
arise from classical or non-relativistic approxima-
tions, particularly for particles moving at speeds
comparable to the speed of light. The relativistic
derivation intrinsically handles the momentum of
massive particles, where p = ymuv, making the de
Broglie wavelength an inherent property derived di-
rectly from the particle’s relativistic dynamics.

Furthermore, the covariant relativistic deriva-
tion highlights the deep theoretical connection be-
tween quantum mechanics and special relativity.
The fundamental covariant relation, Eq. , is not
merely a mathematical convenience but reflects a
profound physical truth: the intrinsic link between
the energy and momentum of a particle and the fre-
quency and wavevector of its associated wave. This
elegant proportionality constant, h, serves as the
essential bridge between the macroscopic world of
classical mechanics and the microscopic realm of
quantum phenomena. This unified perspective is
crucial for developing more comprehensive theories,
such as quantum field theory, where particles are
understood as quantized excitations of fields that
propagate according to relativistic principles, pro-
viding the ultimate validation of de Broglie’s initial
groundbreaking insight.

While de Broglie’s initial intuition was ground-
breaking and indispensable for launching quantum
mechanics, the covariant relativistic derivation ele-
vates his hypothesis from a brilliant postulate to a
fundamental consequence of the interplay between
quantum principles and the symmetries of space-
time. This comprehensive framework not only pre-
cisely conveys the information but also provides the
necessary theoretical rigor for understanding wave-
particle duality as an intrinsic and universal prop-

scf20252103-6

erty of matter and energy. This journey from heuris-
tic insight to covariant formulation to quantum field
theoretical foundation exemplifies the iterative and
deepening nature of scientific progress.
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